We show theoretically that a photonic topological insulator can support edge solitons that are strongly self-localized and propagate unidirectionally along the lattice edge. The photonic topological insulator consists of a Floquet lattice of coupled helical waveguides, in a medium with local Kerr nonlinearity. The soliton behavior is strongly affected by the topological phase of the linear lattice. The topologically nontrivial phase gives a continuous family of solitons, while the topologically trivial phase gives an embedded soliton that occurs at a single power, and arises from a self-induced local nonlinear shift in the inter-site coupling. The solitons can be used for nonlinear switching and logical operations, functionalities that have not yet been explored in topological photonics. We demonstrate using solitons to perform selective filtering via propagation through a narrow channel, and using soliton collisions for optical switching.
Topologically nontrivial photonic bands, analogous to electronic topological insulators, have now been realized and studied in a variety of photonic structures [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . These "photonic topological insulators" (PTIs) feature edge states that are topologically protected against certain classes of disorder, and have interesting potential applications as robust waveguides and delay lines. Thus far, PTIs have mostly been studied in the linear limit, in which existing concepts of band topology can be directly applied to the electromagnetic wave equations, such as by mapping the propagation equations for a linear photonic lattice to the linear Schrödinger equation [6] . Even recent studies of PTIs arising in optically nonlinear systems, such as exciton-polaritons in quantum wells, have focused on topological edge states that are linear perturbations around a steady-state nonlinear background [11] [12] [13] . There have been only a handful of investigations into the non-perturbative nonlinear dynamics that could arise in PTIs [14] [15] [16] [17] [18] . Notably, Lumer et al. discovered a localized stationary soliton lying in the bulk of a two-dimensional (2D) PTI, which can be interpreted as a point region of a different topological phase that is "selfinduced" by topological edge states circulating around it [14] . Ablowitz et al. have found evidence for moving edge solitons in weakly nonlinear 2D PTIs, though this was done by taking broad envelope superpositions of existing topological edge states, and reducing the system to a 1D nonlinear Schrödinger equation [15] . In 1D lattices, nonlinear dynamics of boundary states and self-induced topological transitions have also been studied [16, 17] .
This paper describes a class of moving lattice edge solitons that arise in experimentally feasible 2D PTIs with Kerr nonlinearity. Unlike in Ref. [15] , the solitons are derived ab initio, without using broad envelope approximations, in a realistic photonic lattice; furthermore, they can arise whether the underlying lattice is topologically trivial or nontrivial in the linear limit. The underlying topological phase strongly affects the soliton properties. In the topologically trivial phase, where the linear lattice lacks topological edge states, the solitons are topologically self-induced, similar to the stationary solitons found in Ref. 14 except that these can move unidirectionally along the edge. They appear to be "embedded" lattice solitons, meaning that they co-exist with extended linear modes without being stabilized by a gap [19] [20] [21] ; the soliton solution occurs at a single power, at which the radiative loss via coupling to small-amplitude linear waves happens to vanish. We note that the only embedded lattice solitons experimentally observed so far have been stationary [22] ; well-localized moving lattice solitons are predicted to exist based on discrete models [20, 23, 24] , but have been challenging to realize experimentally. On the other hand, when the underlying lattice is topologically nontrivial, moving edge solitons occur over a continuous range of powers, and are stabilized by the dispersion features of the linear topological edge modes.
The existence of strongly-localized moving solitons opens up a range of interesting possiblities for performing signal processing in PTI lattices [25] , beyond what could be accomplished using linear topological edge states or stationary solitons [14] . We present two representative examples: (i) self-focusing of edge modes, allowing them to be "squeezed" through narrow channels without backreflection, and (ii) collisions between edge and bulk solitons, which can be used for all-optical signal switching.
The photonic lattice, shown schematically in Fig. 1(a) , consists of a 2D square lattice of helical waveguides, "staggered" so that neighboring waveguides (in different sublattices) have helix phase shifts of π relative to each other; hence, each waveguide approaches its four neighbours sequentially during each helix cycle [26] . The waveguides are otherwise identical. In the linear optics regime, we have previously shown that the photonic bandstructure can be either topologically trivial (a con-ventional insulator) or nontrivial (an anomalous Floquet PTI), depending on the inter-waveguide couplings [26] . Now, we include a local Kerr nonlinearity in the optical medium. In the paraxial approximation, the propagation of a monochromatic beam envelope ψ(x, y, z) obeys
This is a nonlinear Schrödinger equation with the axial coordinate z playing the role of time; k 0 = 2πn 0 /λ is the wavenumber,
y is the transverse Laplacian, n 0 is the background refractive index, and n L and n 2 |ψ| 2 are the linear and nonlinear local refractive index deviations from n 0 . The function n L (x, y, z) corresponds to the helix lattice described above, with mean waveguide spacing a, helix radius R 0 , and modulation period Z. We adopt parameter values consistent with fused silica glass at wavelength λ = 1550 nm: n 0 = 1.45, n L ∼ 2.7 × 10 −3 in the waveguides (and n L = 0 outside), and n 2 = 3 × 10 −20 m 2 /W [27] (self-focusing nonlinearity; a defocusing nonlinearity can give rise to similar effects [28] ). The waveguides have circular cross sections with radius 4 µm. The paraxial beam intensity |ψ| 2 is normalized by characteristic intensity I 0 = 10 16 W/m 2 , for which the nonlinear index shift n 2 I 0 is comparable to n L . For the modal area of one waveguide w 2 0 ∼ (10µm) 2 , this requires peak powers ∼ 1MW, accessible with pulsed lasers [27] .
In the linear regime (n 2 → 0), the Floquet eigenmodes of the system can be obtained by solvinĝ
whereĤ is the Hamiltonian in Eq. (1), and β is the Floquet quasienergy defined modulo 2π/Z [6, 26, [31] [32] [33] . The topology of the Floquet bandstructure is governed by an effective coupling angle θ 0 ∈ [0, π] controlling the band gap size, with the system topologically nontrivial when 0.25π < θ 0 < 0.75π [26, 28] . We use beam propagation simulations of Eq. (1) to study nonlinear waves produced by injecting light at the edge of a semi-infinite strip. First, consider a latttice that is topologically nontrivial in the linear limit, with coupling angle θ 0 = 0.6π (from helix parameters a = 22µm, R 0 = 4µm, and Z = 1cm). When the input power P is very low, the initial single-site excitation couples to linear topological edge states. As shown in Fig. 1(c) , this produces a wavepacket propagating in one direction along the edge (since the edge states are unidirectional), while undergoing broadening (since the dispersion of the edge states is not perfectly linear [26] ). Upon increasing P , the Kerr nonlinearity induces self-focusing, and we observe solitonic propagation along the edge of the lattice, as shown in Fig. 1(d) -(e). We momentarily put aside the issue of soliton stability, which will be discussed below. Peak intensity Imax and inverse participation number P −1 at z = 5Z (i.e., after 5 helix cycles), versus input power P . Corresponding in-plane intensity profiles at various propagation distances, for (c) P → 0, (d) P = 0.8Pc, and (e) P = Pc, where Pc is the power at which the soliton is most localized (i.e., P −1 is largest).
To quantify the self-focusing, Fig. 1(b) plots the peak intensity I max = max(|ψ| 2 ) and inverse participation number P −1 = |ψ| 4 dxdy/( |ψ| 2 dxdy) 2 , after propagation through 5 helix cycles. At a critical power P c , the soliton becomes localized to almost a single site, as shown in Fig. 1(e) . This self-focusing effect does not appear to be describable using a purely on-site nonlinearity of the sort used in Refs. 14 and 15, but it can be modeled by a nonlinear shift in the effective coupling angle [34, 35] :
In previously-studied discrete nonlinear lattice models, similar coupling nonlinearities were shown to produce "compact" solitons that are perfectly localized to a few sites [36, 37] . In our photonic lattice, the shift is due to the self-focusing Kerr nonlinearity increasing the waveguide depth, thus reducing the evanescent inter-waveguide coupling. When P = P c , the coupling angle reaches θ eff = 0.5π, which corresponds to perfect coupling into neighbouring waveguides at each quarter-cycle of the helix. This is the "middle" of the topological insulator phase, where the edge states are maximally localized.
We now turn to a lattice that is topologically trivial in the linear limit. As shown in Fig. 2(a)-(b) , injecting light at the edge of the nonlinear lattice at a certain input power can produce a strongly-localized moving soliton. Since the linear lattice in this case lacks topological edge states, the soliton in Fig. 2(b) is "topologically self-induced": the field intensity near the soliton drives the local region of the lattice from the topologically trivial phase to the nontrivial phase via Eq. (3). Here, the linear lattice has coupling angle θ 0 = 0.9π (from helix parameters a = 25µm, R 0 = 6µm, and Z = 2cm), and the nonlinearity drives the local coupling angle below the topological transition located at θ = 0.75π. Unlike the topologically self-induced stationary solitons observed in Ref. 14 (in a non-staggered helical lattice), these solitons are mobile, and move unidirectionally along the edge.
In contrast to the solitons found in the nontrivial lattice, the soliton in Fig. 2(b) is only observed near a specific input power P es . Fig. 2 (c) plots the peak intensity and inverse participation number versus input power P . Both quantities are strongly suppressed except near P es ≈ 1.5MW. For other values of P , the input light diffracts strongly into the bulk, and the wavepacket decays with z until the nonlinearity becomes negligible [38] .
The stability of a soliton depends on whether there exist small-amplitude linear waves that the soliton can decay into. For stable propagation at velocity v, the soliton must avoid resonance with linear waves in its moving frame, whose quasienergies are
In Fig. 2(d) -(e), we plot the moving-frame local density of states (LDOS) on the lattice edge. For the previous topologically nontrivial lattice (corresponding to results shown in Fig. 1 ), we see from Fig. 2(d) that the LDOS is dominated by the linear topological edge states (the bulk states' contribution is about 1% of the bulk contribution in the trivial lattice). Since the edge states are unidirectional and have nearly linear dispersion, they only occupy a narrow range of β v . This allows soliton families to avoid resonating with linear modes [15] . In the topologically trivial lattice, however, there is significant LDOS for all β v , because the contributing bulk modes are not unidirectional. Thus, a traveling edge wave is typically destabilized by decaying into small-amplitude bulk modes. As an exception, at a specific power P es coupling to the bulk modes could vanish, leading to the formation of an "embedded soliton" [19] [20] [21] . This explains the semi-stable behavior shown in Figs. 2(b)-(c): embedded solitons typically have a finite basin of attraction, so for P > ∼ P es the excess energy is radiated away, but if P is too large, the wavepacket fails to relax to the soliton.
To further verify that these are soliton solutions, we formulated a discrete model for the photonic lattice and searched for nonlinear modes using the Floquet selfconsistency method developed in Ref. 14. In the nontrivial lattice, the procedure converged numerically to solutions corresponding to moving solitons on the edge, as well as stationary gap solitons in the bulk. In the trivial lattice, we obtained convergence to an embedded moving soliton localized to a single site, and verified that its power can be described by P es ≈ (θ 0 − π/2)/θ N L . Details are given in the Supplemental Material [28] .
Another practical constraint on soliton stability comes from bending losses, i.e. radiation into non-lattice modes. For the chosen helical waveguide parameters, bending losses for the linear topological edge states are very low, on the order of 1% per helix cycle [26] . Fig. 3(a) shows the power retained on the edge waveguides with increasing z. In the nontrivial lattice, after an initial powerdependent transient oscillation (caused by the choice of single-waveguide excitation), the solitons have decay rates comparable to the linear topological edge states. In the trivial lattice, however, the soliton abruptly destabilizes after ∼ 15 cycles, due to bending losses reducing the power below P es and triggering a breakup.
We now ask how robust the solitons are against defects and lattice shape deformations. Topological edge states of linear PTIs are known to be highly robust, limited mainly by finite-size effects (i.e., scattering to the oppo- site edge) and losses [9, 26] , so long as the paraxial limit (or any other assumption responsible for topological protection) holds. In Fig. 3(b) , we study the effects of a defect formed by detuning the depth of a single waveguide on the edge. In the nontrivial lattice, the robustness of the solitons is found to be comparable to the linear edge states. In the trivial lattice, the soliton survives for small defect strengths, but sufficiently strong defects cause it to abruptly destabilize (by leaving the "stability band" around P es ). The embedded solitons are thus inherently less robust than the linear topological edge states and the solitons of the nontrivial lattice. On the other hand, both soliton types are robust against changes in the lattice shape; they are able to move around corners and missing sites without backscattering, and with much less dispersion compared to edge states of the linear PTI [28] .
We conclude with two examples of using solitons to perform nonlinear filtering and switching. These will use the solitons of the nontrivial lattice, due to their greater stability. In Fig. 4(a) -(c), we show how a narrow channel can act as a power-dependent filter. The channel is one unit cell wide, connecting two wider strips. In the linear regime [ Fig. 4(a) ], the edge states fail to pass through the channel, and are instead diverted, because topological protection is lost when there is a significant spatial overlap of modes on opposite edges. Increasing the input power P [Fig. 4(b) ] causes the formation of a soliton that is sufficiently strongly localized to pass through the channel. As shown in Fig. 4(c) , the transmittance exhibits a 8.6-fold variation as P goes from 0 to 0.55 MW.
Next, Fig. 4(d) -(e) shows how a collision between a moving edge soliton and a stationary gap soliton can function as a nonlinear optical switch. The stationary gap soliton is produced by exciting a waveguide one unit cell away from the edge [28] . The two solitons are initialized with relative phase ∆ϕ, and both have input power P = P c for which the soliton is maximally localized (see 1 ). We find that the result of the collision depends strongly on ∆ϕ [39, 40] . Fig. 4 (e) shows how the peak intensities on the edge and bulk sites, at z = 5Z after the collision, vary with ∆ϕ. Certain choices of ∆ϕ allow us to almost completely destroy one of the solitons.
In summary, we predict the existence of stronglylocalized, mobile, and unidirectional edge solitons in experimentally feasible 2D photonic topological insulator lattices with Kerr nonlinearities. Like topological edge states, the solitons move unidirectionally and can bypass corners and missing-site defects without backscattering. The solitons in the nontrivial lattice inherit some of the linear edge states' robustness against perturbations such as waveguide detunings. The trivial lattice supports topologically self-induced embedded solitons, which are unstable against perturbations and bending losses. We have studied two simple examples of using solitons for nonlinear filtering and switching. In future work, it would be interesting to explore using these solitons for nontrivial signal processing tasks; to determine whether the topological lattice design confers practical advantages over previously-studied solitonic lattices; and to look for similar nonlinear modes in other photonic, polaritonic, or phononic lattices. show that the discrete model supports self-consistent solutions consistent with the solitons found in the continuum model.
Supplemental Material
Edge Solitons in Nonlinear Photonic Topological
CONTINUUM MODEL
The lattice, shown in Fig. 1(a) of the main text, is described by the linear refractive index modulation [26] 
Here, ∆n 1 = 2.7×10 −3 is the modulation depth, d = √ 2a is the lattice constant, and a is the waveguide center-ofmass separation. We assume the waveguide profiles V 0 are hypergaussian,
with σ = 4 µm. The waveguide centers follow helices,
with radius R 0 = 4 µm and pitch Z = 2π/Ω = 1 cm. These parameters are chosen to strike a balance between minimizing bending losses, allowing for strong nearestneighbor couplings, and fitting many helix cycles within an experimentally feasible total array length ( < ∼ 10 cm). Except where otherwise noted, the beam propagation simulations use a lattice size of N x × N y = 12 × 4 unit cells, forming a quasi-one-dimensional strip. This strikes a balance between an array size that is physically feasible, while still having the "bulk" relatively well-defined. The full numerical grid size is 12 × 6 unit cells, with periodic boundary conditions along the N x axis. Absorbing boundary conditions are imposed along the y axis edge, away from the edge waveguides.
The beam propagation simulations involve integrating the nonlinear Schrödinger equation using the symmetrized split-step method. Even without absorbing boundary conditions, the Hamiltonian is z-dependent and hence does not conserve "energy", so it cannot be used to estimate the numerical integration error. To ensure the validity of the results, we simulate with various step sizes dz until the results are no longer sensitive to dz. For the propagation distances used in the main text (z 10Z), this requires dz ≈ Z/3000. Note that the normalized ratio between the linear and nonlinear potentials is n 2 I 0 /n L ∼ 0.1 (with maximum peak intensities |ψ| 2 ≈ I 0 occurring at P c in the trivial lattice), so we are in the regime of "discrete" solitons localized within the linear potential, rather than opposite regime of bulk solitons perturbed by a periodic potential, below the collapse threshold of the 2D nonlinear Schrödinger equation.
To find the local density of states in Fig. 2 of the main text, we calculate the Floquet spectrum of a semi-infinite strip of width N y = 8 unit cells (N x = 1 with twisted boundary conditions). Due to the finite size, the Bloch wave spectrum is discrete; we interpolate this finite level spacing using Lorentzians of width 1/N [29] . The local density of states on the edge is obtained by integrating over the waveguide closest to the edge (one of the two sublattices). Fig. 3 of the main text showed that propagation losses and single waveguide detuning defects can reduce the soliton power P ; in particular, the embedded soliton abruptly breaks up when P drops below P es . Here, we present further simulation results showing the effects of "lattice shape deformations", i.e. corners and missing waveguides in the lattice. These results show that the solitons are able to propagate around this class of defects without backscattering, similar to the topological edge states of the linear PTI. Fig. S1 shows propagation around a corner of a finite lattice (N x × N y = 10 × 3 cells). Fig. S1(a)-(b) shows the case where the lattice is topologically trivial in the limit limit. There are no linear topological edge modes, so when the nonlinearity is negligible (P → 0) an edge excitation simply diffracts into the bulk. For P = P es , we produce an embedded soliton that is strongly localized to a single waveguide, and this soliton is able to travel around the corner without scattering into bulk modes. Fig. S1(c)-(d) shows the topologically nontrivial case. For P → 0, we see that the edge excitation couples into topological edge states that can propagate around the corner; however, there is significant dispersion, so that most of the wavepacket only moves 3 to 4 unit cells after propagation by z = 5Z. In the nonlinear limit, the soliton also propagates efficiently around the corner, but it moves by the full 5 unit cells. Fig. S2 shows the effects of removing one waveguide along the lattice edge. In both the trivial and nontrivial phases, the strongly-localized solitons are able to travel around the defect, with minimal delay, and negligible scattering into the bulk or loss of localization. By contrast, Fig. S2(c) shows that the linear topological edge states experience significant delay and dispersion. We thus conclude that the edge solitons are not only robust against lattice shape deformations, like the linear topological edge states, but experience much less distortion and less excess line delay. However, we note that the defect-induced scattering into bulk modes in these examples is small but nonzero, and this does reduce the soliton lifetime compared to the defect-free case (Fig. 3(a) in the main text).
In the main text we considered a self-focusing nonlinearity, n 2 > 0. Photonic lattices with defocusing nonlinearities n 2 < 0 can also support localized solitons. In the tight binding approximation the β → −β symmetry of the linear spectrum enables a staggering transformation that maps soliton solutions for +n 2 to solutions for −n 2 [25] . Based on this symmetry we expect the edge solitons to also appear in systems with defocusing nonlinearities. However, since the tight binding approximation does not exactly describe our system, this symmetry is not perfect and we do not expect the soliton properties to be exactly the same. Specifically, while both focusing and defocusing nonlinearities reduce the effective coupling strength by detuning the waveguides' propagation constants, a focusing nonlinearity increases the waveguide mode localization [increasing θ N L in Eq. (3)], while a defocusing nonlinearity reduces it (decreasing θ N L ). Hence for the defocusing nonlinearity we expect higher critical powers to observe the single site solitons.
To verify this reasoning we present in Fig. S3 the results of additional beam propagation simulations using the same parameters as in Figs. 1 and 2 of the main text, but reversing the sign of the nonlinear term n 2 . In the nontrivial phase we observe the strongly localized soliton at a higher critical power P c ≈ 0.6MW where the output inverse participation number is maximized. Notice however that the peak intensity also displays a local maximum at P c , in contrast to the focusing case Fig.  1(b) , because the nonlinearity is now reducing the mode confinement. Therefore powers ≈ 0.5MW are already sufficient to observe an asymmetry between focusing and defocusing nonlinearity. In the trivial lattice this asymmetry is even more pronounced: no embedded soliton is observed in the defocusing case, indicating that it becomes unstable above a critical power. To observe the embedded soliton in this case one should therefore adjust the linear lattice parameters to reduce threshold power P ES to a level where the asymmetry between focusing and defocusing nonlinearities is less severe.
NONLINEAR DISCRETE MODEL
We will now formulate a discrete nonlinear lattice model, and show that it can reproduce most of the soliton features found in the continuum model. In the following, we normalize the lattice constant to d = 1 and express the field as Ψ = ψ(n, m), with integer values of (n, m) corresponding to "A" sublattice sites and the "B" sublattice sites displaced by half a lattice constant. Each waveguide is coupled to its four neighbors in turn, with each coupling step described by scattering matrix  (ψ A , ψ B ) =Ŝ(ψ A , ψ B ) . The linear limit is completely characterized by coupling angle θ 0 , wherê
The evolutionÛ over one modulation cycle is computed in four steps,
AlthoughÛ is more simply expressed in Fourier space (see e.g. Ref. [26] ), this real-space description generalizes more easily to the nonlinear case.
In the linear limit the band edge modes at the Brillouin zone centre have quasienergies β = Arg(e ±i4θ0 ). The band gap ∆ is given by the difference between these quasienergies, which cannot exceed π because the quasienergies are only defined modulo 2π. One can show that ∆ = Next, we replaceŜ 0 with a nonlinear scattering matrixŜ N L (|Ψ| 2 ) describing a nonlinear two-port waveguide coupler. For a bulk Kerr-type nonlinearity, there are two important effects. The first is a nonlinear detuning of the waveguide propagation constants g|ψ| 2 ≈ 1.4/MW, where g ∝ n 2 /A eff is the effective Kerr coefficient and
2 is the effective mode area [34] . A second and crucial effect is that the focusing (defocusing) nonlinearity makes the waveguides deeper (shallower), changing the mode confinement and therefore the evanescent coupling strength [35] . We model this as a powerdependent coupling strength,
is the total power carried by the two coupled waveguides. Note that typically the nonlinearity cannot change the sign of the coupling, so this expression assumes sufficiently weak intensities I < C 0 /C N L . Taking both effects into account, the nonlinear scattering matrix can be written as
where L ≈ 1.25mm is the coupling length. This is an integrable model with exact solutions expressible in terms of elliptic functions [30] . But since we are interested in the weakly nonlinear regime, below the self-trapping threshold, we instead use the split-step beam propagation method to integrate Eq. (S8).
L and g can both be rescaled to 1 by an appropriate change of variables such that C 0 → θ 0 (estimated by fitting the linear spectrum) and the model behavior is entirely determined by the nonlinear coupling angle
We will assume that these rescaled units introduce the characteristic power scale 1MW. Then θ N L can be estimated from the embedded soliton critical power P c ≈ 1.5MW in Fig. 2 of the main text, by assuming that this corresponds to the power at which the effective coupling vanishes (i.e., the soliton becomes perfectly localized). We thus obtain
which is the value used in the following simulations (the precise value is not important, as long as it is not too small).
SELF-CONSISTENCY OF SOLITON SOLUTIONS
We can use a variant of the numerical method developed by Lumer et al. [14] to show that the Floquet lattice contains self-consistent soliton solutions. We start with the simpler case of stationary gap solitons. We seek selfconsistent stationary solutions of
where β ∈ [−π, π] is the soliton's quasienergy.
To find a solution, we fix the total power P = n,m |ψ(n, m)| 2 , choose as a trial solution Ψ 0 a soliton perfectly localized to a single waveguide, and apply the following iteration procedure: to obtain the updated profile Ψ j+1 , we first calculateÛ (|Ψ j | 2 ) using the beam propagation method described above. While performing the nonlinear propagation, we simultaneously carry out linear propagation of a basis of states in the nonlinearlyinduced potential; this yields the matrix elements of U (|Ψ j | 2 ) in this basis. Diagonalizing this matrix gives the eigenmodes of the induced potential, normalized to have total power P . The eigenmode with largest overlap with Ψ j is then used as the updated profile Ψ j+1 . When the two are identical, the profile forms a soliton, a localized eigenmode trapped by its self-induced potential. We iterate until the error is sufficiently small, |Ψ j −Ψ j−1 | 2 /P < . The propagation constant β is given by the corresponding eigenvalue ofÛ (|Ψ j | 2 ) Fig. S4 illustrates the application of this procedure to obtain stationary bulk solitons in the nontrivial lattice. We use a lattice size of N = 12 × 12 unit cells, and set an error tolerance of = 10 −10 . Convergence is achieved within about 10 iterations. The soliton's intensity profile displays the expected exponential localization. Performing beam propagation on the obtained soliton, we verify its stable propagation exceeding 50 modulation cycles, even when slightly perturbed. Furthermore, during each modulation cycle the soliton circulates in a loop, resembling the behavior observed in Ref. [14] . This demonstrates that the bulk solitons involve a topologically self-induced "inner edge". (In the trivial phase, the bulk solitons do not circulate, but instead remain centred at a single waveguide throughout the modulation cycle.) Fig. S4(d) shows the power diagram for this family of gap solitons, which bifurcates from the linear Bloch wave spectrum with a nonzero threshold power P min ≈ 0.45, as expected for solitons in 2D (we also obtain a family of gap solitons in the trivial phase). These numerical results verify the applicability of the Floquet self-consistency method to the staggered-helix lattice.
To obtain the traveling solitons, we combine the evolutionÛ (|Ψ| 2 ) with a translationT . In other words, we seek self-consistent solutions tô
whereT ψ(n, m) = ψ(n + 1, m) corresponds to a soliton traveling one unit cell per modulation cycle. Note that while the spectrum ofÛ (|Ψ| 2 ) is typically banded, supporting gap solitons, the spectrum ofTÛ is not, reflecting the fact that there are always resonant traveling linear waves in the bulk; cf. Fig. 2(d) in the main text. Therefore the self-consistent solutions to Eq. (S11) always involve a localized soliton with power P on top of a nonzero background of delocalized linear waves. When there are linear edge modes, this background is strongly suppressed, but it still exists, giving the edge solitons a finite (but large) lifetime even in the absence of bending losses. Fig. S5 shows self-consistent edge soliton solutions occurring in the nontrivial lattice. Like the stationary bulk solitons, these solitons form a continuous family; however, since they are quasi-1D solitons (localized to the edge), they bifurcate from the linear limit, unlike the bulk solitons which bifurcate at a nonzero threshold power. Note that the discrete model does not account for the nonzero dispersion of the edge states, so the linear traveling wave spectrum in Fig. S5(a) is perfectly flat and all the solitons are perfectly localized along the edge. On the other hand, the degree of localization into the bulk is power-dependent, as shown in Fig. S5(b)-(d) . To measure the soliton localization, we use the inverse participation number
When Ψ is perfectly localized to a single site P = 1; otherwise P < 1. Fig. S5(b) shows that near-perfect localization occurs at the critical power P c ≈ 0.4 corresponding to vanishing effective coupling rate. Fig. S6 shows the behavior of the trivial lattice, which is very different. For most choices of the power P , the iteration procedure no longer converges to a stationary solution. Convergence only occurs at a critical power P es , at which the soliton becomes almost perfectly localized to a single waveguide (the finite background in Fig. S6(c) is due to the finite accuracy of the numerical solution). This discrete soliton spectrum is characteristic of embedded solitons. Fig. S6(d) shows the dependence of P es on the nonlinear coupling angle θ N L , which becomes very large as θ N L → 0.
We examine in Fig. S7 the dynamical stability of the obtained solitons by weakly perturbing the soliton profiles and performing beam propagation simulations for z = 50 modulation cycles. We perturb the solitons with a random background field of peak intensity 0.001I s , where I s is the soliton's peak intensity. If the soliton is stable it will be practically unaffected by this weak perturbation and remain an almost stationary solution, such that the peak intensity I max (z) = max|ψ(n, m, z)| 2 ≈ I s . If the soliton is unstable the perturbation will grow, destroying the soliton.
The soliton in the trivial phase is unstable, as expected for an embedded soliton, and disintegrates after tens of modulation cycles under the weak perturbation (the exact lifetime dependent on the seeding noise). On the other hand, the nontrivial soliton is stable near P c , remaining practically unchanged after 50 modulation cycles. Further away from P c , perturbations to the nontrivial solitons lead to a slow radiation of energy into the bulk; in this sense, the solitons are actually quasistable. Nevertheless, they are practically unchanged for experimentally-feasible propagation distances of tens of modulation cycles.
One might wonder if the self-consistency method can also be applied to the full continuum model, by projecting the continuous field profile onto a finite basis formed by the waveguide modes, and using the truncated basis method of Ref. [26] . There are two problems that make this difficult in practice. Firstly, the potential induced by the soliton breaks the translational symmetry of the lattice. Thus one must run the eigensolver on a full 2D lat- tice, rather than a single unit cell (Bloch wave spectrum) or 1D strip (edge spectrum), significantly increasing the computation time for each iteration step. Secondly, the truncated basis itself becomes dependent on the power and soliton profile, such that the state generated after propagation by one modulation cycle is not necessarily a superposition of the original basis; hence, truncation to a small basis may no longer be accurate, unless one performs an additional relaxation within each iteration step to determine the "best" truncated basis that captures the dynamics. These limitations make the self-consistency scheme impractical in the continuum model.
